Left-handed materials have superlensing effects that enable them to surmount the optical diffraction limit. A photonic crystal is able to mimic some properties of all-angle left-landed materials. In this study, the all-angle negative refraction criteria of photonic crystals are evaluated. The MIT Photonic-Bands program is employed to calculate the band structure of walled honeycomb photonic crystals, and the finite-difference time-domain method is used to provide a snapshot of the electric field distribution inside and outside the honeycomb photonic crystals. The results indicate that the all-angle negative refraction phenomena of the honeycomb photonic crystals are correlated with the orientation of the photonic crystals. Furthermore, the role of the uncoupled modes varies based on their orientation to the all-angle negative refraction photonic crystals, in one case assisting negative refraction and in the other case preventing it. The results suggest that symmetric properties should not be ignored when considering the negative refraction of photonic crystals.
INTRODUCTION
Photonic crystals are made by periodically modulated refraction index materials [1] [2] [3] [4] [5] . They may bend light in an abnormal direction. One interesting behavior exhibited by photonic crystals is negative refraction. Veselogo proved that several abnormal phenomena accompany lefthanded materials (LHM) composed of simultaneously negative dielectric permittivity ͑r͒ and negative magnetic permeability ͑r͒ [6] . For example, LHM exhibit reverse Doppler effects. Negative refraction occurs when a light beam enters from normal materials to LHM. A source point can pass through the LHM plate and focus into another point. The phase velocity of the light wave propagating inside this material is opposite to the group velocity. And E, H, and k form a left-handed set.
Pendry reported that LHM have a superlensing effect that overcomes diffraction limits [7] . Using a LHM lens, image sharpness is not limited by the wavelength of light. Nevertheless, there is no material of this kind in nature. It means LHM must be artificial, either metamaterial or photonic crystal. Metamaterial is made from a periodic array of conductive split ring resonators and metallic wires [8] . Shelby et al. observed that the metamaterial's effective index of refraction in a microwave frequency band is negative [9] . On the other hand, several researchers have used photonic crystals to reproduce some properties of LHM. Luo et al. found that reverse Doppler effects inside photonic crystals have similar behaviors in LHM [10] . Notomi proved that negative refraction and negative group velocity exist in some two-dimensional photonic crystals [11] . The effective refractive index n eff of a photonic crystal is determined by its band structure. In these photonic crystals the permeability is equal to one, and the periodically modulated permittivity is positive.
Luo et al. [12] and Parimi et al. [13] have reported that there is an all-angle negative refraction effect in photonic crystals. Its frequency of negative refraction is smaller than at the top of the hole band but larger than at the intersection of the light line and the band structure. A source point can pass through the photonic crystal slab and focus into another point, and it is impossible to produce this phenomenon using a conventional planar lens. The size of the image suggests that there are superlensing effects. The subwavelength resolution is also achieved for two point images from two point sources whose separation is smaller than a wavelength [14, 15] . Few authors have noted that the focusing of the square lattice is not caused by the superlensing effects, but rather by selfguiding and complex near-field wave scattering effects [16] [17] [18] [19] . Foteinopoulou et al. distinguished the negative refraction from left-handed behavior in the twodimensional photonic crystals [20] . They pointed out that the negative refraction materials do not ensure lefthanded behavior. Only materials that have a phase velocity which are antiparallel to the group velocity of the photonic crystals are called LHM.
To construct LHM using photonic crystals the crystals need to possess certain special characteristics [11, 12, 20, 21] . First, they should have equal frequency contours that are nearly isotropic in a band region where the phase velocity and the group velocity are antiparallel. Since the equal frequency contours are almost isotropic, in principle negative refraction can occur at any incident angle of the external wave. To accomplish this, triangular, hexagonal, or kagomé lattices of photonic crystals have been previously chosen and the ⌫ point has been selected as the center of the circular equal frequency contour [22] . Second, the radius of the equal frequency contour needs to be larger than that of air. Third, any higher-order Bragg reflection for any incident direction should be absent. Finally, a single beam propagation should be guaranteed within the photonic crystals.
However, Robertson et al. [23] and Sakoda [4, 24, 25] have shown that an external incident plane-wave radiation cannot excite some modes when symmetry is taken into consideration. These modes, which cannot be excited by external incident waves, are called uncoupled modes. While many studies have been done on the all-angle negative refraction in photonic crystals, little information is available on the uncoupled modes in the all-angle negative refraction photonic crystals [26] . The purpose of the present paper is to determine whether the criteria for the all-angle negative refraction mentioned above is sufficient, and whether the uncoupled modes can be excited in all-angle negative refraction photonic crystals. The results of this study may lead to a better understanding of the roles of uncoupled modes in all-angle negative refraction photonic crystals. This information could also be useful in developing negative refraction devices.
COMPUTATIONAL METHOD AND MATERIALS
In this paper, the dielectric cylinders (along the z direction) of two-dimensional honeycomb photonic crystals (periodic arrayed in the x -y plane) (Fig. 1) , as in [27, 28] , were studied and their transverse-magnetic (TM) mode band where negative refraction occurred was considered (the electric field is parallel to the rods). The waves, which had an angle of incidence oblique from the ⌫ -K direction and normal to the ⌫ -K direction of the honeycomb photonic crystal, were simulated and compared (Fig. 1) .
The band structure and the equal frequency contours were calculated using the plane-wave expansion method [29] [30] [31] , as implemented in the MIT Photonic-Bands (MPB) package [32] . Fully vectorial eigenmodes of Maxwell's equations with periodic boundary conditions were computed using preconditioned conjugate-gradient minimization of the block Rayleigh quotient on a plane-wave basis.
To compute the propagation of electromagnetic waves in photonic crystals we developed a program that uses the finite-difference time-domain (FDTD) method [33] [34] [35] [36] . The FDTD program is based on the differential form of Maxwell's equation. The two curl equations of Maxwell's equation are transformed into two difference equations by taking the central difference approximations, in which the continuous variables for position and time become discrete variables. The electric field of each position point of each time step can be calculated from the electric field of the previous time step at the same position point and the magnetic field of the previous half-time-step at the neighboring points. The magnetic field is also determined by the magnetic field of the previous time step and the surrounding electric field of the previous half-time-step. Near the calculation boundaries, the perfect matched layer (PML) is used to absorb the electromagnetic waves without any reflection [34] . The amplitude of electromagnetic waves is decreased by the absorption within the PML. At the calculation boundaries the electric field is directly given a value of zero. In the beginning the electric field is assumed to be zero. Using these initial conditions, boundary conditions, and the processes of iteration, the time evolution of the electromagnetic waves can be derived in the calculation space. The electric and magnetic fields of discrete mesh points are stored in two-dimensional matrices for the current time step. The size of the matrices are determined by the physical size of computer memory. To increase the spatial resolution and reduce the execution time of the FDTD program, we also used the messagepassing interface (MPI) standard to parallelize the FDTD program [37] [38] [39] . The parallel algorithm of the MPI FDTD program uses a domain decomposition, and the data is divided into pieces among the multiple processors used. Because the field updated at a mesh point requires the field values of the surrounding points, transmission of the field values is required by MPI functions between do- The systems considered are two-dimensional honeycomb photonic crystals made of arrays of parallel dielectric cylinders and connecting dielectric walls placed in the vacuum (Fig. 1) [27, 28] . The primitive unit cell of the honeycomb has the triangular basis a 1 = a͑1,0͒ and a 2 = a͑1/2,3 1/2 /2͒ with two cylinders per primitive cell. The lattice constant a is the distance between the centers of the two hexagons. The material from the two-dimensional honeycomb photonic crystals is regarded as linear, isotropic, lossless, nondispersive, and nonmagnetic. Both the dielectric constants of the cylinders and the connecting walls are / 0 = 13.0. In the two-dimensional honeycomb photonic crystals there are three geometric parameters: the lattice constant a, the radius of the cylinders r / a = 0.155, and the thickness of the connecting walls d / a = 0.065. For convenience, all lengths are scaled using the lattice constant. The bandgaps occur in the isolated high dielectric structures for the TM modes. However, the bandgaps take place in the connected structures for the transverse-electric (TE) modes [3] . Combining the isolated and connected structures, the full bandgaps of the two-dimensional photonic crystals may be obtained. The largest full bandgap of the two-dimensional photonic crystals was found for r / a = 0.155 and d / a = 0.035 [27] . Figure 2 displays the band structure of the twodimensional honeycomb photonic crystals for TM mode with / 0 = 13, r / a = 0.155, and d / a = 0.065. Since the bandgap occurs at the zone boundaries of irreducible Brillouin zone, the frequencies were plotted along lines in the irreducible Brillouin zone joining the points ⌫ = ͑0,0͒, K = ͑2/3,0͒ ϫ 2 / a, and M = ͑1/2,1/͑2 ϫ 3 1/2 ͒͒ ϫ 2 / a. There was a bandgap between 0.384ϫ 2C / a and 0.460 ϫ 2C / a, and a hole band with a negative effective mass ‫ץ‬ 2 / ‫ץ‬k i ‫ץ‬k j was found at the ⌫ point of the second band. The overall trend of the first and second band is similar to the first and second bands of triangular photonic crystals.
RESULTS AND DISCUSSION
A possibility for the all-angle negative refraction is the second band of the TM mode whose equal frequency contours are shown in Fig. 3 . There are several criteria for choosing the frequency of the incident wave from air to reveal the all-angle negative refraction. (i) The convex equal frequency contours of negative refraction are selected. Near the top of the second band of the ⌫ point, the direction of group velocity V g = ٌ k is normal to the equal frequency contour and inward to the ⌫ point. (ii) The radius of the equal frequency contour of the negative refraction frequency is larger than the magnitude of incoming wave vectors from all directions at such a frequency to insure that all incoming waves at the definite frequency are excited in the photonic crystals. (iii) The selected frequencies are smaller than 0.5ϫ 2C / a to avoid scattering effects. (iv) Choosing the contour whose shape closely approximates a circle simulates an isotropic medium.
If a light beam is launched into this honeycomb photonic crystal with the wave vector k air across the ⌫ -K direction at the frequency f = 0.295ϫ 2C / a, a negative refraction effect is expected (as is the case in Fig. 3 ). Since there is periodic variance of the dielectric constant between the honeycomb photonic crystal and the air in the direction of the interface, there is the tangential wave vectors's conservation between the incident and refraction waves with allowances for the difference of a multiple of ͑2/3,0͒ ϫ 2 / a. The Bloch wave function for a given band index n is identical for two values of k differing by a reciprocal lattice vector n,k+G ͑r͒ = n,k ͑r͒. Consequently, the tangential wave vectors of the air and honeycomb photonic crystals are equal in the first Brillouin zone of the reciprocal space. The wave vector of the refracted wave centered at the ⌫ point has its end points with the frequency f = 0.295ϫ 2C / a on the equal frequency contour of the honeycomb photonic crystal. The conservation of the wave vectors was taken into consideration; accordingly, there were two possible end points. The propagation direction of the refraction wave is oriented to the direction of group velocity V g = ٌ k , which is normally in the direction of the equal frequency contour. Because the refraction wave always propagates away from the light source, only one refraction wave is considered k pc . The group velocity direction is in the propagation direction. In the infinite periods of photonic crystals it can be proven by analytic methods that the group velocity coincides with the energy velocity [4] . The direction of the group velocity was opposite to the direction of the refraction wave vector V g · k pc Ͻ 0. Furthermore, the refraction wave vector was not necessarily antiparallel to the direction of the group velocity. The refraction wave vector is the wave vector of phase velocity. The refraction wave vector of the phase velocity is antiparallel to the direction of the group velocity, as the shape of the equal frequency contour is nearly round. The phenomena observed in our experiment are similar to the left-handed behavior [6] . As long as the shape of the equal frequency contour with a certain frequency is nearly round and isotropic, in principle there is almost no directional dependence of the incident wave for the negative refraction occurrence. Consequently, the negative refraction phenomenon occurs if a light with the TM mode is obliquely incident from the k y direction, and if the electromagnetic wave with the E polarization is obliquely incident from the k x direction. For this purpose, electromagnetic propagation through a slab put in the air was taken into consideration and the time change of the ith respect to k y . The narrow blue arrow presents the refraction wave vector k pc and the wide blue arrow denotes the direction of group velocity of the refraction wave V g . spatial distribution of the electromagnetic field was calculated using the MPI FDTD method. Figure 4 displays a snapshot of the electric field when a collimated plane wave, imitated by the Gaussian beam, was incident at different angles on a slab of the above honeycomb photonic crystals. The length and width of the slab were 40 and 18.7, respectively, in terms of the lattice constant a, and the slab was set in air. The orientation of the slab is indicated in Fig. 4(g) . The frequency of the incident wave is 0.295ϫ 2C / a, which is the frequency of the all-angle negative refraction denoted in Fig. 3 . A total of six incident angles were examined. These incident wave vector angles cover the significant symmetric wave vectors ⌫ -K and ⌫ -M, since the irreducible Brillouin zone of the honeycomb has sixfold symmetry. A highly reflective wave was found at most of the various angles of incidence. These results may be explained by considering the mismatch of the impedance ͑ / ͒ 1/2 between the photonic crystal and air. In Fig. 4 , the direction of the incident light was set at the right-hand side of the normal direction. The wave vector that was in the photonic crystals appeared on the same side as the illuminated wave vector. The wave vector of the outgoing light from the photonic crystal appeared on the same side as the wave vector in the photonic crystals. Regardless of the angle of incidence of the wave on the slab, the wave always tended to be negatively refracted. These results agree with the theory of the negative refraction photonic crystals [11, 12, 14] and are similar to the results of [22] . The refraction angle of the outgoing light was highly relative to the angle of incidence of the incident light between incident angles of 5°and 30°; whereas, the refraction direction of the outgoing light was not closely associated with incident light between 35°and 45°. The results indicate that the equal frequency contour f = 0.295ϫ 2C / a is not round enough to cause these phenomena between incident angles of 40°and 45°. Outgoing light with incident angles between 5°and 10°had lower transmission rates than others. One possible explanation is that the incident light excites the eigenmodes of the honeycomb photonic crystal, so that as more eigenmodes are excited, more energy is transmitted, and that incident light with a larger incident angle more easily excites the eigenmodes between incident angles of 30°and 40°.
The electromagnetic propagation through the slab of honeycomb photonic crystals with a different orientation was also investigated. The unit cell of the honeycomb photonic crystals was rotated by 90°along the z axis and arranged periodically along two of its axes, so the first Brillouin zone was turned to 90°. The flat bulk photonic crystal was 44.4ϫ 18.6 in terms of lattice constant a. A plane wave was launched into the slab and the normal direction of the incident light was parallel with ⌫ -K. All the physical parameters of the incident wave are the same as above. The results are shown in Fig. 5 . No negative refractions were found at any angle of incidence, and the lights were more or less bent in the direction of ⌫ -M. This shows that honeycomb photonic crystals are not allangle negative refraction material in this orientation, although the equal frequency contour with frequency f = 0.295ϫ 2C / a is nearly round. These results can be explained by considering the group theory for twodimensional photonic crystals [4, 23, 25] . In Fig. 2 , the second band along the ⌫ -K direction for the TM mode can be labeled as an uncoupled mode called mode B. The wave function of the electric field of mode B is antisymmetric under the mirror reflection at the plane that contains the z axis and the connecting line of ⌫ -K. Once the wave function of the propagation light has mirror reflection symmetry at the plane that includes the z axis and the wave vector direction k air , the mode B, which is in the honeycomb photonic crystals, cannot be excited by external waves at a normal angle of incidence. Even though the equal frequency contour is isotropic for a defined frequency, this result suggests that the symmetric properties of the photonic crystals cannot be ignored and that the photonic crystals of negative refraction may not be regarded as an effective medium for some special incident directions. Figure 5 (a), whose incident direction is near ⌫ -K, did not show negative refraction. In contrast, Fig. 4(d) shows that the wave has an incident angle of 30°with respect to the normal direction, and that the incident angle is in the ⌫ -K direction. Figure 4 (d) can be explained as follows. The wave function of the incident light on the interface between the vacuum and photonic crystals begins to alternate between positive and negative amplitudes around an incident angle of 30°. The conservation of the tangential wave vectors is taken into consideration, so the mode B can be excited by an external incident field.
CONCLUSIONS
We originally assumed that perfect circle equal frequency contours of all-angle negative refraction would be sufficient to guarantee the all-angle negative refraction phenomena. Our findings, however, go against this assumption. The all-angle negative refraction phenomena that were found in the photonic crystals depend on the orientation of the photonic crystals, even if the equal frequency contour was in the shape of a perfect circle. We can conclude with certainty that mode B in the photonic crystals cannot be excited by an external incident field in the nearly normal incident direction. These results are in substantial agreement with those of Sakoda [25] ; conversely, these findings seem inconsistent with the definition of all-angle negative refraction; namely, that allangle negative refraction takes place for all angles. The wave function of the mode B could not be excited by an external light with a normal angle of incidence. On the other hand, the wave function of mode B can be excited by an external light at an oblique angle of incidence, so the negative refraction can occur in the specific orientation of the photonic crystals. These findings provide evidence that the symmetrical properties of the photonic crystals should be considered along with the all-angle negative refraction phenomena. The negative refraction phenomena of triangular photonic crystals behave the same as those of honeycomb photonic crystals. Moreover, the approach outlined in this study can be replicated in threedimensional photonic crystals.
